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For the full text of this licence, please go to: http://creativecommons.org/licenses/by-nc-nd/2.5/ Introduction. -Experimental evidence of finite charge/spin pseudogap (PG), namely a depression of the electronic excitation spectrum at a temperature T * well above the critical temperature T c , has been widely advocated as one of the most significant signatures of hidden orders or broken symmetries in the underdoped regime of high-temperature superconductors. Although a plethora of different techniques has been used for the investigation of the PG, such as tunnelling measurements, angle-resolved photoemission spectroscopy (ARPES), nuclear magnetic relaxation (NMR), Raman and neutron scattering [1, 2] , a microscopic theoretical description is still missing [3] .
Early NMR measurements, in which spin excitations are probed, revealed an anomalous depression in the temperature dependence of the Knight shift for underdoped samples of YBCO [4] . Such a depression, well-known in BCS-like superconductors as induced by the formation of a spin-singlet state, allows some researchers to maintain that PG features could be explained in terms of preformed Cooper pairs [5, 6] or as signatures of the suppression (a) E-mail: gerardo.sica@physics.unisa.it (b) deceased p-1 of low-energy antiferromagnetic fluctuations [7] [8] [9] . However, a later interpretation of NMR data as a consequence of a depression in the electron density of states (DOS), results in a number of controversial debates mainly based on the awareness that, in principle, any instability (e.g. stripes, charge/spin density waves, polaron formation) might result in an energy gap. Therefore, the conclusion that pseudogap features might not necessarily imply spin-singlet formation, paves the way to other theories and phenomenological models in which PG emerges as a consequence of SU(2) rotation [10] , coexistence of charge and spin density waves [11] , inhomogeneous charge distributions [12, 13] .
Recently, strong evidence of particle-hole symmetry breaking in the pseudogap state of Bi2201 shed doubts about the possibility to consider the pseudogap as a precursor of a Cooper pairing superconducting gap in the normal state [14] . Also some earlier and more recent ARPES experiments [15] emphasized the role of electron-lattice coupling as an unavoidable ingredient for the characterization of both normal and superconducting state of high-temperature superconductors. Actually, on the phenomenological level, the pseudogap was originally explained as half of the bipolaron binding energy [16] .
In this context, we report our study on the pseudogap in the framework of the microscopic t-J p -Ũ model:
that accounts for realistic Coulomb repulsion and strong electron-phonon (Fröhlich) interaction in terms of an exchange coupling J p [17, 18] and a residual on-site correlationŨ which, limiting the double occupancy, reduces J p from its bare value [19] . Here c i , c into the chemical potential, but provides a more intuitive visualization of the spectrum (Fig.1 ).
As long as we are in the low-density regime, bipolaron and unpaired polaron interactions are negligible and the model can be described in terms of an ideal (non-interacting) BoseFermi mixture of bipolarons (bosons) and unpaired polarons (fermions) in which bipolaron and unpaired polaron densities n p,b (T ) are related to the doping x ≪ 1 as [20] :
Here µ p,b represents the polaronic/bipolaronic chemical potential. Charge conservation allows us to fix the chemical potential µ of the whole mixture. In particular, according to detailed equilibrium and total energy conservation one readily obtains µ = µ p = µ b /2. Then the thermodynamic properties of the Fermi-Bose mixture at equilibrium can be easily derived in terms of the thermodynamic potential Ω(x, T ), defined as a function of temperature T and chemical potential µ [21] .
In the dilute limit all the thermodynamic quantities enjoy the additivity property; therefore Ω(x, T ) can be expressed as the sum of bipolaron/unpaired polarons potentials Ω b,p (n b,p , T ) with:
Here N b,p (ǫ) is the density of states in the bipolaron/unpaired polaron band, respectively, which can be readily calculated from bipolaron and unpaired polarons energy dispersions ( Fig.1 ). In particular, the polaron band immediately follows from the first term in the Hamiltonian, and therefore has width 2w p = 8t. The bipolaron band instead can be obtained by means of exact diagonalization in the space of singlet pairs [18, 19] which gives w b ∝ t 2 /J p for t ≪ J p .
For the sake of simplicity, hereafter the DOS of the model is approximated as:
In a square lattice with nearest-neighbour J p , there are two bound bosonic states per site, corresponding to the two bonds per site and two fermionic states per site due to spin degeneracy. Thus rectangular bands (including the degeneracy factors) need to satisfy the constraint N p,b (ǫ)dǫ = 2 from which we have A p,b = 1/w p,b , where A p,b and w p,b are intensity and half-bandwidth of polaron and bipolaron terms, respectively. Importantly, this relation allows us to link together DOS and model parameters. The intensities A p,b of polaron and bipolaron contributions, calculated from the corresponding bandwidths w p,b , are both related to the ratio t/J p (Ũ ). The gap ∆, corresponding to the binding energy per polaron, is close to J p /2 for t/J p ≪ 1 and rapidly decreases with increasing ratio t/J p , vanishing at a critical value of U or t (Fig.1 ) when the bottom of the unpaired polaron band approaches the bipolaron ground-state energy [19] . Such an approximation is able to get an insight in a qualitative microscopic description of the pseudogap and also allows to obtain analytical expressions for all the relevant physical properties in terms of the model parameters. In particular, bipolaron and polaron densities, calculated as 
p-3 from which µ can be calculated self-consistently according to Eq.2.
Our results on chemical potential and particle density, reported in Fig.2 for a fixed total number of particle x, show that different temperature behaviours arise in polaron and bipolaron densities depending on the value of ∆ and on the competition between the pairing interaction J p (Ũ ) and hopping term (Fig.1 ). In particular, as follows from the left panel of Fig.2 , the bipolaron density decreases with increasing temperature resulting in a crossover at T = T * when half of the bipolarons are dissociated and the charge is equally distributed between polarons and bipolaron (n b (T * ) = 2n p (T * )). As shown in the right panel of Fig.2 the ratio ∆/k B T * varies linearly with ln(1/x) in a wide range of doping, with k B T * = 2∆/ ln((4/x − 1) 2 /(1 + 8/x)) for w p,b /∆ → 0 in agreement with exact analytical calculations in the narrow-band limit.
The thermal-induced population of the unpaired polaron band results in a number of anomalous features that can be observed in specific heat C(T ) and static uniform spin susceptibility χ s (T, h) (h is an external magnetic field). Recalling that C(T ) = d E /dT , where E = E p + E b is the total energy of the system with E p,b = dǫEN p,b (ǫ)f p,b (ǫ, T ), and χ s (T, h) = −∂ 2 Ω/∂h 2 , we have:
C(T ) = kBT k=b,p A k kBI (2) k (x) + dµn dT I
(1)
Here µ B is the Bohr magneton and:
while I (n) p,b (x) ≡ dx The dotted line represents the total particle density x = 2n b + np. Right panel: linear dependence of the ratio ∆/T * with respect to ln(1/x) for different value of the gap ∆. In the inset the doping dependence of T * /∆ (symbols) is compared with the exact analytical dependence (line) obtained in the zero-bandwidth limit. Here T * is the crossover temperature at which n b (T * ) = 2np(T * ).
∞ k=1 z k /k s as:
, n = 1
As follows from Fig.1 , for t/J p (Ũ ) ≈ 1 and forŨ ≫ 1 (J p (Ũ → ∞) → 0 [19] ), the gap ∆ goes to zero. In this case bipolaron and unpaired polaron bands are completely overlapped with a single peak in the specific heat coefficient γ(T ) = C(T )/T leading to γ(T ) ∝ 1/T , Fig.3 . Consistently, the paramagnetic response of the system reproduces the standard Curie law with χ s (T, h = 0) ∝ 1/T (Fig.4) since fermions are non-degenerate under the conditions here.
On the contrary, in the opposite regime the presence of a finite gap results in a nonmonotonic γ(T ) dependence induced by the superposition of two main peaks due to intraband and bipolaron to unpaired polarons excitations. While any finite temperature can induce intra-band excitations, bipolaron dissociation requires temperatures of the order of the gap. Therefore the separation between the two peaks increases with increasing ∆ and results in a strong suppression of the γ(T ) coefficient in the region in which the intensity of the intra-band peak falls off (k B T ≈ w b ). Specific heat and static uniform spin susceptibility are both determined by the average density of electronic states therefore, as one would expect, the same tendency is also observed in the paramagnetic response function χ s (T, h = 0). In fact, as confirmed in Fig.4 , χ(T, h = 0) drops to zero in the low temperature regime in which the population of the bipolaronic (singlet) band has its maximum and follows the standard Curie law, already described in the ∆ = 0 case, in the high-temperature regime in which the population of the polaronic band become dominant. The same features also appears in the presence of an external magnetic field until µ B h ≈ ∆. For µ B h > ∆ the magnetic field induces a finite magnetization in the system with a singlet/triplet phase transition at µ B h = ∆ signalled by a discontinuity in the spin susceptibility at T = 0.
Finally, let us discuss the tunnelling conductance of a normal metal-bipolaronic superconductor (NS) junction:
in which V is the bias between N and S sides of the junction: in bosonic superconductors [24, 25] , I N S (V ) can be calculated starting from the following tunnelling Hamiltonian:
that accounts for single particle tunnelling processes. Here c ν , p † ν ′ and b † η describe the annihilation of a carrier in the metallic tip in state ν and the creation of a single polaron or a composed boson in the superconductor in state ν ′ or η respectively, N is the number of lattice cells. P and B are tunnelling matrix elements respectively with and without the involvement of a bipolaron (generally B ≥ P [24] ). The tunnelling current is I N S (V ) = e (W N →S − W S→N ) where W X→Y represents the tunnelling probability of transition, per unit time, from the X to the Y side of the junction. According to the Fermi golden rule we 
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where
is the Fermi distribution functions associated to normal metal and polaronic band;
represents the Bose distribution function associated to the bipolaronic band. Here we have used a constant DOS for the normal metal with N m (ǫ) = A m .
As reported in Fig.5 , in the same regime in which pseudogap features arise in the specific heat ( Fig.3 ) and spin susceptibility (Fig.4) , our results on the tunnelling conductivity confirm a strong depression of σ(V ) at zero bias for k B T ≤ ∆. Importantly, despite the lack of van Hove singularities in the DOS (Fig.1) , our data perfectly reproduce the asymmetry between negative and positive bias conductance providing a further confirmation that the van Hove singularity, not observed in many experiments such as momentum integrated photoemission [26] , does not play any role in the tunnelling. Our model allows us to describe the doping dependence of the asymmetry coefficient R(x, T ) defined as:
We recall that with increasing doping the bipolaron density increases while the unpaired polaron density remains almost zero for k B T < w b (see Fig.2 , left panel). In this regime the polaronic contribution to the tunnelling conductance remains constant while the bipolaron contribution, different from zero only in the positive bias regime, scales linearly with the bipolaron density as clearly follows from Eq.12 if one neglects the bipolaron energy dispersion in the narrow bipolaron-band limit. As reported in Fig.5 , this explanation is also supported by a good agreement between our data and experimental measurements of the asymmetry coefficient R(x, T ) in a wide range of cuprates superconductors. Importantly, it is worth noting that numerical data for R(x, T ) have been calculated by integrating the normalized conductivity σ(eV )/σ(∆), therefore do not depend on the particular choice of the tunnelling matrix elements B, and P in Eq.12. As one would expect, the only relevant quantities are t, J p (Ũ ),Ũ that, unlike in other theories, in the t-J p -Ũ model can be fixed from the measurable material properties [17] [18] [19] .
Conclusions. -In conclusion, we have described the normal state of the polaronic t-J p -Ũ model as an ideal Bose-Fermi mixture in the low density limit. By approximating the DOS of the model as rectangular functions (4), we have provided analytical expressions for bipolaron and unpaired polaron densities (5) and most of the relevant response functions such as specific heat (7), spin susceptibility (6) . Our analysis pointed out that in the presence of a finite gap ∆ between bipolaron and unpaired polaron bands, the model exhibits remarkable features of pseudogap opening signaled by a depression of specific heat, spin susceptibility and tunnelling conductance. Furthermore, as the result of the screening [22, 23] , the pseudogap ∆ falls with doping through the dielectric function so that the crossover temperature of our model falls as well. Importantly, different from any other theories proposed so far, pseudogap features naturally appear as a consequence of a thermal-induced mixture of polarons and bipolarons, without any ad-hoc assumption on relative strength and the range of Coulomb and electron-phonon interactions or pre-existing orders. 
